Lasso is a popular method for sparse linear regression, especially for problems in which p > n. But when p ≫ n, existing results from literature about the model selection consistency of lasso always require special and strong conditions, including the information from unknown true coefficients. An important question is: If the lasso solution can select the true variables without such strict condition?
Introduction
R. Tibshirani [14] proposed the lasso (least absolute shrinkage and selection operator) method for simultaneous model selection and estimation of the regression parameters. It is very popular for high-dimensional estimation problems since its statistical accuracy for prediction and variable selection coupled with its computational feasibility. Sparse models are very common in high dimensional settings where the dimensionality could be larger than the sample size. On the other hand, see [15, 16] , under some sufficient condition the lasso solution is unique, and the number of nonzero elements of lasso solution always smaller than n (when n < p). In recent years, this kind of data is also become more and more common in most fields. Similar properties can also be seen in other penalized least squares since they have similar frame work of solution.
In consequence, these type of methods are suitable for sparse data.
Consider the problem of model selection and estimation in the sparse linear regression model y n = X n β n + ǫ n ,
where ǫ n = (ǫ 1,n , ǫ 2,n , ..., ǫ n,n ) ′ is a vector of i.i.d. random variables with mean 0 and variance σ 2 . X n is the n×p design matrix of predictor variables. β n ∈ R p is a vector of true regression coefficients and is commonly imposed to be sparse with only a small proportion of nonzeros. Without loss of generality, write β n = (β 1,n , ..., β q,n , β q+1,n , ..., β p,n ) ′ where β j,n = 0 for j = 1, ..., q and β j,n = 0 for j = q+1, ..., p. Then write β
(1) n = (β 1,n , ..., β q,n ) ′ and β (2) n = (β q+1,n , ..., β p,n ), that is, only the first q entries are nonvanishing. Let S n ≡ {j ∈ {1, 2, ..., p} :
β j,n = 0}, then the true model is denoted by S n = {1, ..., q}. S c n = {q + 1, ..., p} represent the set of noise variables.
The lasso estimator is defined aŝ
where λ n is the tuning parameter which controls the amount of regularization.
When λ n = 0, the lasso problem is reversed to Ordinary Least Squares. When λ n increase,β n become sparse, that is, large λ n will shrinkβ n to 0. Set S n ≡ {j ∈ {1, 2, ..., p} :β j,n = 0}, whereŜ n select predictors by lasso estimator β n . Consequently,Ŝ n andβ n both depend on λ n , and the model selection criteria means the correct recovery of the set S n of β n . That is,
On the model selection front of the lasso estimator, [19] established the Irrepresentable condition which on the generating covariance matrices for the lasso's model selection consistency. This condition was also discovered by [12, 17, 20] . Using the language of [19] , Irrepresentable condition is defined as
11 sign(β (1) )| 1 − η, where sign(·) maps positive entry to 1, negative entry to −1 and zero to zero. The definitions of C 21 and C 11 can be seen in the Section 2. When signs of the true coefficients are unknown, they need l 1 norms of the regression coefficients to be smaller than 1.
In other ways, [12] showed that Lasso is consistent in estimating the dependency between Gaussian variables under a set of conditions. [9] showed estimation consistency for lasso in the classical fixed p setting. [15] investigated issues concerning the uniqueness of lasso solutions. [10] proposed covariance test statistic for the lasso which based on lasso fitted value.
Beyond lasso, regularization methods also have been widely used for highdimensional model selection, e.g. see [1, 2, 6, 7, 11, 13, 18, 21, 22] . [6, 7] studied the oracle properties and argued that a good procedure should have these oracle properties 1 . [11] established a nonasymptotic weak oracle property and investigated the penalized least squares estimator with folded-concave penalty functions.
There has been a considerable amount of recent work dedicated to the lasso problem and regularization methods problem. Yet, the required deterministic amount of regularization that gives consistent selection is very strong. Consequently, in this paper, we consider a new way to get the model selection consistency of lasso. We investigate a new condition, Eigenvalue Condition, which is more standard and easier to meet. Under this condition, in our proof, the probability for lasso to select true model is covered by the probability of
where W n = X ′ n ǫ n / √ n. A n is simple, intuitive and also easy to calculate its probability. Based on the train of thought of the proof, we don't need other constrains on the predictors. 1 Oracle property can correctly identify the set of nonzero components of β n with probability tending to 1, and at the same time, estimate the nonzero components accurately [3, 6] .
In the simulation part, we discuss the effectiveness of Eigenvalue Condition for lasso and compared it with Irrepresentable Condition. Four samples are given in the section, which Irrepresentable Condition fails for all settings, but two of them can select variables correctly since Eigenvalue Condition holds.
Besides that, we discuss about the influence of the different assumptions of noise terms ǫ i,n for the model selection consistency. Gaussian errors or the subgaussian errors 2 would be standard, but strong tail. One basic assumption is that, errors are assumed to be identically and independently distributed with zero mean and finite variance. Bernstein's inequality, Hoeffding's inequality and similar properties are used for such noise terms in this paper to cover the decay rate of A n .
The rest of the paper is organized as follow. First, in Section 2, we investigate the Eigenvalue Condition and introduce a lower bound to cover the lasso choosing wrong models when Eigenvalue Condition holds. Then, to demonstrate the advantages of this bound, we show in Section 3 with different settings and different assumptions of noise terms, and show that lasso has model selection consistency in these situations with mild condition. Section 4 presents the results of the simulation studies. Finally, in Appendix A, we present the proofs of the main theorem.
Eigenvalue Condition
For deriving the theoretical results, we write X n (1) and X n (2) as the first q and the last p − q columns of X n respectively since the first q columns of β n 2 e.g. P (|ǫ i,n | t) Ce 
where C 11,n is q × q matrix and assumed to be invertible. Set W n = X ′ n ǫ n / √ n.
Similarly, W
n and W (2) n indicate the first q and last p − q elements of W n .
Suppose Λ min (C 11,n ) > 0 denotes the smallest eigenvalue of C 11,n . Now we define the following Eigenvalue Condition.
Eigenvalue Condition. For ∀i = 1, ..., q, j = q + 1, ..., p, there exists a constant δ ∈ (0, 1) 1 n X ′ i,n X j,n < (1 − δ)Λ min (C 11,n ).
Remark 1. This condition is the only condition for the model selection consistency of lasso, and also is the crucial one. It can be roughly thought of seen as a regularization constraints of the maximum and the minimum eigenvalue of C 11,n and C 12,n respectively, which both are typical assumptions in sparse linear regression literature, see for example [5, 8, 19, 22] . Consequently, we call it Eigenvalue condition.
Remark 2. Similar condition can be seen in [19] , called Irrepresentable condition 3 , which is defined as
where sign(·) maps positive entry to 1, negative entry to −1 and zero to zero.
Compared with that, Eigenvalue Condition is weaker for the constraint on the design matrix, and above all, we don't need the information of the true coefficients which are always unknown.
Then, when Eigenvalue condition holds, following Theorem describes the relationship between the probability of lasso choosing the true model and the probability of {||W n || ∞ n η }. Videlicet, A n is a lower bound on the probability of lasso picking the true model.
Theorem 1. Assume Eigenvalue Condition holds, then
Remark 3. Theorem 1 is a key technical tool in this paper. It puts a lower bound on the probability of Lasso selecting the true model, and this bound is visual and easy to calculate. The regularization parameter λ n trades of the size of this event.
Remark 4. Besides that, Theorem 1 can be applied in a wide range of dimensional setting. There's no restraint about p and q. That is, we can discuss the behavior of lasso on model selection consistency under different dimensional setting in the following.
Model selection consistency
Now we consider about the decay rate of the probability of P (||W n || ∞ > λ n √ n ) with means the upper bound of P (Ŝ n = S n ). We discuss different type of dimensional settings and different assumption of noise terms in this section
Two types of dimensional setting are considered. First of all, we choose general high dimensional setting, i.e. p = O(n c ), where b < c. If c < 1, it is equivalent to low dimensional setting but p tends to infinity.
Under this setting, we can obtain the model selection consistency of lasso by no constraint for the noise terms.
Then, we consider a more complicated situation, ultra-high dimensional setting, i.e. p = O(e n c ) where 0 < c < 1. Under this setting, we need more assumption of ǫ n , to make P (||W n || ∞ Kn η ) → 1. Gaussian assumption would be a simple and common one, but strong tail.
Before discussing the detail rate of the probability of lower bound. We give the follow regular condition
(C.1) is a typical assumption in sparse linear regression literature, since it can be achieved by normalizing the covariates. see for example [8, 19] .
In this part, we consider the general high-dimensional setting (p ≫ n) and show the model selection consistency of lasso as follow Theorem 2. Assume ǫ i are i.i.d random variables with mean 0 and variance
where b c, assume (C.1) holds and let λ n √ n n η/2 , η > c then if Eigenvalue Condition holds, we have
Proof. Follow the result in Theorem 1, we have
Consequently, considering about the probability of {||W n || ∞ > λ n √ n }. If (C.1) holds, by Markov's inequality, we can easily get that
The proof of 
Since Corollary 1 can be proved by Markov's inequality too, the proof is omitted here.
On the other hand, considering the Gaussian assumption of noise terms, if ǫ i are i.i.d Gaussian random variables, and the dimensional setting is that
where b c, then follow the setting of Theorem 2, we have
where the last equality holds since the Gaussian distribution's tail probability
t 2 , ∀t 0. It can be relaxed to subgaussian assumption, i.e. P (|ǫ i | t) Ce −ct 2 , ∀t 0.
Ultra-high dimensional setting
In this part, we consider the ultra-high dimensional setting as
where c > 0. Furthermore, we discuss the different situation under different assumption of noise terms (Gaussian assumption and non-Gaussian assumption). The key technical tool used into the non-Gaussian case is Bernstein's inequality and related theory.
We shall make use of the following condition:
(C.2) Assume ǫ i,n , ..., ǫ n,n be independent random variables with mean 0, and follow inequality satisfying for j = 1, ..., p
where
(C.2) is used for Bernstein's inequality. Then we have the follow result for ultra-high dimensional setting for non-Gaussian assumption. Eigenvalue Condition holds and let λ n √ n > Kn(1 + t), K > 0, we have for all t > 0,
Proof. By Bernstein's inequality, when (C.2) holds, we have
Follow the setting of p, when n is large enough,
Let K ∈ (0, ∞) to make follow inequalities hold for all t > 0,
Then we have
completing the proof.
Similarly as in general high-dimensional setting, assume λ n √ n n η where 2η > c. If (C.1) holds, Gaussian assumption of noise terms are considering in the follow
Simulation part
In this section ,we evaluate the finite sample property of lasso estimator with synthetic data. Staring with the behavior of lasso under different settings, then considering the relationship between n, p, n, and the different noise terms.
Eigenvalue Condition
This first part illustrates two simple cases (low dimension vs high dimension) to show the efficiency of Eigenvalue Condition for lasso. Each case describes two different setting to lead the lasso's model selection consistency and inconsistency when Eigenvalue Condition holds and fails. As a contrast, we introduce Irrepresentable condition in this part, and it is fails in all the settings.
Example. 1
In the low dimensional case, assume there are n = 100 observations and the number of parameters is chosen as p = 3, q = 2, that is
We generate the response y by
where X 1 , X 2 and ǫ are i.i.d random variables from Gaussian distribution with mean 0 and variance 1. The third predictor X 3 is generated to be correlated with other parameters as follow two cases
and
where e is i.i.d random variable with the same setting as ǫ.
X 3 is also constructed from Gaussian distribution with mean 0 and variance 1. And we can find that Eigenvalue Condition fails for the first case and holds for the second one. Irrepresentable condition is fails for both two situation.
Example. 2
We construct a high dimensional case which p = 400, q = 4 and n = 100.
The true parameters is set as
and the response y is generated by
where X = (X 1 , ..., X p ) is 100×400 matrix, and the elements of X are i.i.d random variables from Gaussian distribution with mean 0 and variance 1 except X 400 . The last predictor X 400 is generated respectively as follow two settings
where e follow the same setting as Example. 1. Hence X 400 is also constructed from Gaussian distribution with mean 0 and variance 1. We can find that Eigenvalue Condition fails for the first high dimensional case and holds for the second. Besides that, Irrepresentable condition is fails for both two situation.
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Relationship between p, q and n
In this part, we give a simple and direct view to show the relationship between n, p and q, or to say, the sparsity and the sample size.
The nonzero elements β (1) is set as {9, 6, 8, 12, 19, 8, 19, 9, 6, 8, 12, 19, 8, 19} . (29) If the number of nonzero elements is less than 14, we select the number in sequence. The rest of the other elements in this gather are shrunk to zero.
The number of observations and the parameters are chosen as We all consider high dimensional settings here. And the results indicate that, when q increase, the sample size needs to be increase too. As a contrast, the number of zero elements has less influence on the lasso's (in)consistency in model selection. 
Different noise terms
In the last part, we consider high dimensional example with different noise terms assumption.
Data from the high-dimensional linear regression model is set as
where the data had n = 100 observations and the number of parameters was chosen as p = 1000. The true regression coefficient vector is fixed as 
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Proof of Theorem 1. Review the lasso estimator
Letû n = √ n(β n − β n ) and
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